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Abstract. This paper deals with characterizations of Hartley proper efficiency in a vector
optimization problem involving nonconvex and nondifferentiable functions. The case when
objective and constraint functions are locally Lipschitz is also considered. Sufficient conditions
for Hartley proper efficiency in locally Lipschitz programs are given under a near invex-
infineness assumption first introduced in this paper.
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1. Introduction

Since the appearance of the paper [15] where a notion of proper efficiency
was first introduced, several authors [2-6, 9, 11, 13] have proposed various
modified versions of this notion. A comprehensive survey of proper effi-
ciencies can be found in [10]. Characterizations of these notions are mainly
obtained in problems with generalized convexity structure (see [2-6, 9, 11,
13]). The case of set-valued maps is considered in [16-18, 21]. Benson and
Morin [1] gave an important result characterizing Geoffrion proper effi-
ciency for a convex vector optimization problem in terms of the stability
for a related scalar optimization problem. Recently, Huang and Yang [14]
studied a general vector optimization problem without any convexity
assumption and obtained two characterizations of Geoffrion proper effi-
ciency one of which (see [14, Theorem 3.2]) was given by means of a stabil-
ity property of a related scalar optimization problem. The other
characterization of [14, Theorem 3.1] is formulated in terms of the exis-
tence of an exact penalty function of a constrained program.

In this paper we prove several characterizations of Hartley proper effi-
ciency [11] for a vector optimization problem where no convexity structure
is required to be satisfied, and the cone defining the partial order of Euclid-
ean spaces is an arbitrary closed convex pointed cone. A detailed discussion
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is devoted to the case when this cone is polyhedral. Our characterizations
given in Theorems 2.1, 2.2, 2.4-2.6 show that problems of finding Hartley
properly efficient points are equivalent to some scalar optimization prob-
lems. A modified version of [14, Theorem 3.2] (see our Theorem 2.3) is
introduced to prove that, similarly to the Geoffrion proper efficiency prop-
erty, the Hartley proper efficiency can be characterized in terms of the sta-
bility of suitable scalar optimization problems. We also consider problems
when objective and constraint functions are locally Lipschitz. Necessary
conditions for Hartley proper efficiency in nonsmooth vector optimization
problems are obtained by combining one of our characterizations with sca-
lar optimization results of Clarke [7]. These necessary conditions become
sufficient conditions for Hartley proper efficiency if inequality constraint
functions are nearly invex and equality constraint functions are nearly in-
fine. Here our notions of near invexity and near infineness are more general
than the corresponding notions of invexity and infineness introduced in
[19]. We also give several characterizations of near invexity and near infine-
ness, and provide one example proving that the class of nearly invex (resp.
nearly infine) maps is strictly broader than the class of invex (resp. infine)
maps.

2. Reduction Theorems: Characterizations of Hartley Proper Efficiency

In this paper each element of a s-dimensional Euclidean space R® is identi-
fied with a column-vector i.e., an s X 1-matrix. So the inner product of two
vectors a and b of R® can be written as a'h where t denotes the transpose.
We denote by R’ the nonnegative orthant of R*. We write R instead of
R', and R, instead of R}. We use the symbols 4, co4 and int4 to denote
the closure, the convex hull and the interior of 4 C R®. The empty set is
denoted by 0.

In this section we show that problems of finding a properly efficient
point of vector optimization problems can be reduced to problems of sca-
lar optimization. This suggests us to use the terminology ‘“‘reduction theo-
rems” in this section. Proper efficiency in this paper is understood in the
sense of Hartley [11]. We first give the exact definition of this notion.

Let /:R" — R® be an arbitrary vector-valued map with components
fi,i=1,2,...,s and Q be a nonempty subset of R". Let D C R’ be a closed
convex pointed cone. Recall that D is pointed if y € DN —D = y = 0.

Consider the following vector optimization problem (P):
minimize f(x): = (f1(x),/2(x),...,f*(x))
subject to x € Q.
A point xy € Q is called a D-efficient point of (P) if
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Vx € 0, fx) = fxo) € =D\ {0}.

A point xyp € Q is called a Hartley properly efficient point (or more
exactly, a Hartley properly D-efficient point) of (P) if it is a D-efficient
point of (P) and if there exists a positive number M such that for each
(e D'NS and x € Q with *(f(x) —f(x0)) <0 there exists { € DT NS
such that

C(f(x) = flx0)) > 0 (2.1)
and

C(f(x)) = f(x0))
where

D" ={yeR’ :dy>0Vde D},
S={yeR :|yl=1}

Observe that D™ NS # () by Proposition 2.1.4 of [20]. A number M > 0
satisfying the requirement of the above definition of Hartley proper effi-
ciency of xg is called a Hartley constant of (P) at xo. The set of all Hartley
constants of (P) at x¢ is denoted by H(xy).

Let us fix a point xo € Q and consider the following function f depend-
ing on parameters M > 0 and { € D™:

Sx) =AM, ¢, x) = C(f(x) = f(x0)) + MI|L[1p(0,/(x) — f(x0) + D),
(2.3)

where p(y, A) denotes the distance from y € R® to 4 C R®. We observe that
the subset

DV ={yeR :dy>0 Vde D\ {0}}

of D™ is nonempty. We now give the first characterization of Hartley
proper efficiency.

THEOREM 2.1. Let xo € Q. If x¢ is a Hartley properly efficient point of (P)
and M € H(x) then for any { € Dt

min f(x) = f{x0) =0, (2.4)

where [ is defined by (2.3). Conversely, if there exist M > 0 and { € DY’ such
that function (2.3) satisfies condition (2.4) then xy is a Hartley properly effi-
cient point of (P).
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Proof. We first observe that for any y € R®

. . ’ if DT
meora={ L ieh

Making use of this observation and a minimax theorem we see that
p(0,/(x) = flxo) + D) = inf [If{x) - f(xo) +d
mf max " (f(x) — f(xo) + d)

deD (eB
B S
= max C(f(x) = flxo)), (25)

where B denotes the closed unit ball of R’.

To prove the necessity part of Theorem 2.1 it suffices to show that
inf o f(x) >0 (since f{xo) = 0). Indeed, if { = 0 then this inequality is clear
Consider now the case { € D™\ {0}. Assume to the contrary that f{x) <
for some x € Q. Then, setting { = ||¢||"'¢ we derive from (2.3) and (2. 5)
that

T (flx) = flxo)) <0,

T(x) = f(x0) + ME(f(x) = f(x0)) < 0

for all { € D™ N B. This contradicts the Hartley proper efficiency of xj.
To prove the sufficiency part of Theorem 2.1 we observe from (2.3) to
(2.5) that

max ({+ M0 (Ax) - fxo)) 20, x€ Q.

{eD*NB

This implies that
max ({+ ML (fx) — fixo) +d) =0, VxeQ, VdeD,  (26)
{eD*NB

since {+ M||¢||{ € DT for all { € D* N B. From (2.6) and the continuity
property we get
max ({+ ML)y >0 (2.7)
tenp nB
for all y € cone(f(Q) — f(xo) + D) where cone 4 = {/a : . >0, a € A} and
cone A = cone A. On the other hand, for all d € —D \ {0}

‘max ({+ M|¢)0)d < 0, (2.8)
{eD*NB

since { + M||¢||C € DY for all { € D™ N B. Combining (2.7) and (2.8) yields
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—D Ncone(f(Q) — flxo) + D) = {0}.
Observe that the last condition is exactly the definition of Benson proper
efficiency of xq (see [2]). Thus, if there exist M > 0 and { € D' such that
(2.4) holds then xq is a Benson properly efficient point of (P). To conclude
the proof it remains to note that under our assumptions imposed on D the

notions of Benson proper efficiency and Hartley proper efficiency coincide
(see [10, p. 9)). ]

Before formulating Theorem 2.2 let us introduce the following function
depending on a parameter M > 0:

F(x) = F(M, x) = t(x,x0) + Mp(0,f(x) — f(xo) + D), x€Q, (2.9)
where

t(x,x0) = min {"(f(x) — f(x0))- (2.10)

ebtns
THEOREM 22.

1. A point xy € Q is a Hartley properly efficient point of (P) if and only
if there exist M > 0 and { € D" such that function (2.3) satisfies con-
dition (2.4).

2. A point xy € Q is a Hartley properly efficient point of (P) if and only
if there exists M > 0 such that

miBF_(x) = F(x9) =0, (2.11)
xXe
where F is defined by (2.9).

Proof. Observe that D' # () since D is a closed convex pointed cone.
Therefore the first part of Theorem 2.2 is immediate from Theorem 2.1.
Let us prove the second one. If x( is a Hartley properly efficient point of
(P) then by Theorem 2.1 there exists M > 0 such that

min rnlnf(M {x) = (enzgilrlwsf_(M’ {,x0) =0.

{eDtNS xeQ

To obtain (2.11) it remains to observe that

M, (M
23ihs M6 = mig pin M6

= min F(M, x)
xeQ

Conversely, let (2.11) hold where F is defined by (2.9). Let { be an arbi-
trary point of D", Then
1(x, x0) <[] 7' C(flx) = flxo)), x € Q.

Hence (2.11) = (2.4) where f{x) = f(M, ||¢||'¢, x). The Hartley proper effi-
ciency of xq is thus derived from Theorem 2.1. ]



278 G. M. LEE ET AL.

COROLLARY 2.1. Let xo be a D-efficient point of (P) and f be not constant
on Q. Then Q(x¢) = {x € Q : f{xo) —f(x)€D} # 0, and x¢ is a Hartley prop-
erly efficient point of (P) if and only if

g(xo) == sup —(x, o) < too. (2.12)

x€0(xp) p(O,f(X) —f(X()) + D)

Proof. Observe that x( is a D-efficient point of (P) if and only if x € Q\

O(x9) = f(xo) =f(x). This proves that Q(xy) # () if f is not constant on
0. Also, if xg is a D-efficient point of (P) then

x € 0\ O(xo) (i.e. p(0,/(x) — f(xo) + D) =0)
= flx) = f(x0)
= 1(x,x9) = 0.
This shows that if x9 1is a D-efficient point of (P) then
[F(M,x)>0, VxeQ] & [F(M,x)>0, Vxe€ Q(xy)]. From this and
from the second part of Theorem 2.2 we obtain Corollary 2.1. O

Before pointing out an estimate for the infimum of the set H(x) let us
introduce the following definition: a point xy, € Q is called an ideal point
of (P) if for all x € Q, f(x)—f(x¢) € D ie., t(x,x9)=0. If D is the non-
negative orthant of R’ this property means that f'(x)>f"(xy) for all
i=1,2,...,s, and x € Q. Such a property is rarely seen in practice. Obvi-
ously, an ideal point is a Hartley properly efficient point, but the converse
statement is no longer true.

COROLLARY 22. Let xo € Q be a Hartley properly efficient point of (P).
Then

1. 0 =inf{M: M € H(x¢)} if x¢ is an ideal point of (P).

2.0 < q(xo) <inf{M:M € H(xy)} if xo is not an ideal point of (P).

Proof. The first assertion of Corollary 2.2 is clear. Indeed, if xy is an
ideal point of (P) then, for all x € Q and { € D™ NS, {"(f(x) — f(x0)) =0
and hence, any positive number M can be taken as a Hartley constant at
Xo. This means that 0 = inf{M:M € H(x¢)}.

To prove the second assertion of Corollary 2.2 let us assume that x is
not an ideal point of (P). We have seen in the proof of Corollary 2.1 that

x €0\ Q(xp) = t(x,x9) = 0.

So, if Q(xo) = 0 or if #(x,x) =0 for all x € Q(xp) then xo must be an ideal
point of (P). From this remark and from the assumption that x; is not an
ideal point of (P) we obtain Q(xy) # () and #(x, xy) < 0 for some x € Q(xy).
This proves that ¢(xy) > 0 (see 2.12)). In addition, we have seen in the proof
of Corollary 2.1 that M € H(xy) = M>¢q(x¢). In other words, inf{M:M €

H(x0)} = q(xo)- O
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REMARK 2.1. From Corollary 2.2 we see that if xo € Q is a Hartley
properly efficient point of (P) then

0=inf{M : M € H(xg)} < xo is an ideal point of (P).

0 <inf{M : M € H(xo)} <= xp is not an ideal point of (P).
COROLLARY 23. If there exists { € D' such that the function (*f(-)

attains its minimum on Q at xo € Q then xq is a Hartley properly efficient
point of (P).

Proof. Apply Theorem 2.2 and note that the assumptions of Corollary
2.3 imply (2.4). ]

REMARK 22. Corollary 2.3 was established in [11, Theorem 6.2]. Before
giving other characterizations of Hartley proper efficiency let us consider
the following scalar optimization problem (Py):

minimize  @(x)

subject to x € Q,

fx)<p0,
where ¢@:R" — R is an arbitrary function and y;<py, means that
y—neb. -
For each y € R* we associate to (Py) a perturbed minimization problem,

denoted by (P,):

minimize ¢(x)
subject to x € 0,
f(x)<py.

Let us denote by A(y) the set of all points x satisfying the constraints of
Problem (P,). We set

_ [inf{o(x):x € A} if A() £
"(y)‘{+ooq) g ;fA(i):

0,
0.
Let xo be a minimizer of (Py) i.e.
v(0) = inf{p(x):x € 4(0)} = @(x0).
We say that Problem (Py) is stable at x if there exists M > 0 such that
v(y) —v(0)
Il
Stability property of (Py) is characterized by the following lemma.

>—M, y#0. (2.13)

LEMMA 2.1. Let xo be a minimizer of (Py). Then Problem (Py) is stable at
xo if and only if there exists M > 0 such that xy is a minimizer of the function
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p() = o() + Mp(0,/(-) + D)
on the set Q.

Proof. (i) Necessity. Assume that (P) is stable, but xq is not a minimizer
of p(-) on Q. Then for some x € Q

@(x) < @(x0) — Mp(0,/(x) + D). (2.14)
Observe that p(0,f(x) + D) >0 since xy is a minimizer of (Py). Let
y € f(x)+ D be such that [[y]| = p(0,f(x)+ D). Then ||y|| >0, x € A(y)
and by (2.14)

V() <o(x) <v(0) — M|yl
a contradiction to (2.13).

(i1) Sufficiency. By assumption

¢(x0) <o(x) + Mp(0,f(x) + D), x€Q.

Hence for all y € R*\ {0} and x € A(y)

@(xo) < o(x) + My,
which implies that
v(0) < inf{o(x) : x € 4(y)} + M|y||
=v(y) + M|yl
i.e., (2.13) holds, as required. O

As a consequence of Theorem 2.2 and Lemma 2.1 we obtain the follow-
ing theorem.

THEOREM 23. Let xo € Q be a D-efficient point of (P). Then
1. A point xy € Q is a Hartley properly efficient point of (P) if and only
if there exists { € DV such that the following Problem (P;) is stable at
X0.
minimize (°f(x)
subject to x € Q,
S(x) = f(x0) < p0.

2. A point xo € Q is a Hartley properly efficient point of (P) if and only if
the following problem is stable at xy:
minimize #(x, xo)
subject to x € Q,
Sx) = flxo) < 0.
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Let us observe that xy is a minimizer of each of the scalar optimization
problems mentioned in Theorem 2.3. This is a consequence of the assump-
tion that xq is a D-efficient point of (P).

REMARK 2.3. Characterization of Geoffrion proper efficiency in terms of
stability property can be found in [14, Theorem 3.2]. Our Theorem 2.3 is a
modified version of [14, Theorem 3.2] for the case of Hartley proper effi-
ciency.

From now on we assume that D is a polyhedral cone given by

D={yeR :d’y>0, icl}, (2.15)

where 7 ={1,2,...,m} and d; are fixed points of R® with ||d;|| = 1. We also
assume that D is pointed. Observe that if D is defined by (2.15) then

D+:{§:w¢:w>aiel}. (2.16)

icl
It is known from [11, Theorem 6.1] that x, is a Hartley properly efficient
point of (P) if and only if xq is a D-efficient point of (P) and there exists a
number M > 0 such that for each x € Q and i € I with d}(f(x) — f(x0)) <0
there exists j € I such that

df (f(x) — flxo)) > 0 (2.17)

and
di (f(xo) — /(%))
df (f(x) = f(x0))
If d;,i € I, are the ith unit vectors of R*(i.e.,d; = (0,...,0,1,0,...,0)" € R’
where the ith component of d; is 1 and other components of d; is 0) and if

s =m then D =R’ and the Hartley properly efficient point coincides with
the Geoffrion properly efficient solution defined in [9].

<M. (2.18)

THEOREM 24. A point xo € Q is a Hartley properly efficient point of (P)
and M € H(x) if and only if for each i € I

gigf"(X) =["(x0) =0, (2.19)
where
fi(x) = r?g;i(di + Md))*(f(x) — f(x0))- (2.20)

Proof. (i) Necessity. It is easy to see that for each i € I, infycp/7(x)>0.
Indeed, otherwise there exists i € I such that



282 G. M. LEE ET AL.

inf /7(x) <0,
xeQ
and hence there exists x € Q such that f7(x) < 0, that is,
for alljel, (di+ Md) (f(x) —f(x0)) <O. (2.21)

From (2.21), we have for j =i
(1 + M)d; (f(x) = f(x0)) <0.

Hence d;(f(x) — f(xo)) < 0. Thus by the definition of Hartely proper effi-
ciency we must find j € I'\ {i} such that (2.17) and (2.18) hold. This implies
that

(di + Md;)*(f(x) — f(x0)) =0,
which contradicts (2.21). We have thus proved that
for each i € I, ingf_"(x) =0.
xXe

But f7(x) = 0. Thus for each i € I,
min f'(x) = f(x0) = 0.
x€Q

(i1) Sufficiency. We first claim that xy is a D-efficient point. Indeed,
otherwise there exists x € Q such that

J(x) = flxo) € =D\ {0} (2.22)
From (2.22),

di (f(x) — fx0))<0 forallje/ (2.23)
and

d; (fix) = f(x0)) <0 for some i € /. (2.24)

Indeed, it 1is clear that (2.23) holds. Now, if for all i€l
df (f(x) — f(xo)) =0, then (f(x)—f(xp)) € D, but since D is pointed,
(f{x) — f({x0)) € DN (—D) = {0}, and hence f{(x) = f(xo), which contradicts
(2.22). Thus (2.24) holds. From (2.23) to (2.24), for each j € I,

(di + Mdy)" (f(x) = fxo)) <0, ie., f'(x) <0,

which contradicts (2.19).

To prove that xq is a Hartley properly efficient point of (P), let us take
x € Q and i€ I with d*(f(x) — f(xo)) < 0. Since by assumption f7(x) >0,
we must find an index j such that

(di + Md;)* (/(x) — f(x0)) 2 0.
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This proves that M satisfies the requirement of the Hartley proper effi-
ciency of xg. ]

COROLLARY 24. Let xo be a D-efficient point of (P) and f be not constant
on Q. Then

O'xoy = {x € 0 maxd (o) ~flxo) > 0} £0
and xo is a Hartley properly efficient point of (P) if and only if
—mind;* (f(x) — f(xo))
q (x0): = sup el < 4o00.
<0’ (xo) I?gx%r(f(x) — f(x0))
Proof. Observe that x( is a D-efficient point of (P) if and only if for all
xeQ
max d;" (f(x) — f(x0)) <O = f(x) = f(xo).

jel

Since f is not constant on Q it follows from this observation that
O'(x0) #0. Also, if xo is a D-efficient point of (P) then x € Q\
0'(x0) = f(x)=f(x). Hence

[(x)=0, VxeQ]e [f(x)=0, Vxe Q' (x).

Combining this with Theorem 2.4 we see that x( is a Hartley properly effi-
cient point of (P) and M € H(xy) if and only if, for all i€/ and

x € Q'(xo0),

4 (fx0) = 1))
max d; (f(x) — f(x0))

jel

<M.

This is equivalent to saying that x, is a Hartley properly efficient point of
(P) and M € H(xy) if and only if ¢'(xo) <M. Corollary 2.4 is thus estab-
lished. ]

COROLLARY 2.5. Let xo € Q be a Hartley properly efficient point of (P).
Then

1.0 =inf{M: M € H(xo)} if xo is an ideal point of (P).

2.0 < ¢'(xo)<inf{M : M € H(xo)} if xo is not an ideal point of (P).

Proof. The first assertion of Corollary 2.5 is clear. To prove the second
one let us assume that x( is not an ideal point of (P). Since x( is a D-effi-
cient point of (P) we have seen in the proof of Corollary 2.4 that
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x e Q\ Q(x) = f(x) —f(xo) = 0.

Thus Q'(xg) # 0. Indeed, otherwise for all x € Q f(x) —f(x)) =0€ D, a
contradiction to the assumption that xy is not an ideal point. To prove
that 0 < ¢'(xp) it suffices to show that, for some x € Q'(xo),
13161}1 d(f(x) = f(x0)) < 0. Indeed, otherwise r}qel}l d (f(x) = f(x0)) > 0 (e,

f(x) — f(xo) € D) for all x € Q'(xp). On the other hand, f(x)—f(xo) =
0 € D for all x € Q\ Q'(xp). This proves that for all x € Q f(x) —f(xo) €
D, a contradiction to the assumption that xy is not an ideal point of (P).
Thus, inequality 0 < ¢'(xo) is established. To see that ¢'(x¢)< inf{M:
M € H(xp)} it is enough to remark from the proof of Corollary 2.4 that
M € H(xo) = ¢'(x0) <M.

Before going further let us consider the following lemma.

LEMMA 22. Let M >0, b= (b',p? ....b™) € R" and o= (a' o?,..
o) € RT\ {0}. Then c=0 < >0 where

c= Z o'b' + Mmax(b',b?, ... b"™),
icl
d = Zocibi + M max(b',b%,...,b",0).
icl
Proof. Let B =max(b',b? ..., b") and B = max(b',b? ... " 0). Since
B’ > B we obviously have implication ¢>0 = ¢’ >0. To complete our proof
it suffices to show that ¢ <0 = ¢’ <0. Indeed, if <0 then b < 0 for all
i€l and B =0. Therefore ¢ = Zoc’b’ <0. If >0 then B=p and
icl
hence ¢ = ¢’. This proves that ¢ <0 = ¢/ <0, as required. O

)

COROLLARY 2.6. A point xo € Q is a Hartley properly efficient point of
(P) and M € H(xy) if and only if for each i € 1
inFi(x)=F' =0.
min F(x) = F'(x0) =0

where

Fi(x) = 7 (f(x) - flxo)
+ Mmax(d; (f(x) — f(x0), ... 5, ((x) = [(x0)). 0.

Proof. For fixed i€l let us set o/ =1 and & =0, j#i Let b/ =
d;(f(x) —f(x0)), j€1. Then for each x€Q by Lemma 2.2

fi(x) >0 & Fi(x) >0. Thus x, is a minimizer of /' on Q if and only if x,
is a minimizer of F¥ on Q. From this remark and Theorem 2.4 we obtain
Corollary 2.6. O]
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Now for o = (a',0?,..., ") € R and M > 0 let us introduce the follow-
ing function
Jo) =AM, 0, x) =Y aldi (f(x) = f(x0))
icl
+M<Za>maxf(f( ) —f(x0)), x€0. (2.25)
iel

THEOREM 25. Let xo € Q. If xo is a Hartley properly efficient point of
(P) and M € H(xo) then for all o= (a!,0%,...,a™) € RY the function (2.25)
satisfies the following condition

min (x) = flxo) = 0. (2.26)
xe
Conversely, if there exist M > 0 and a vector o= (a',0?,... a™) € R with

positive components o' ,i € I, such that the function (2.25) satisfies condition
(2.26) then xy is a Hartely properly efficient point of (P).

Proof.

(1) Necessity. This is a consequence of Theorem 2.4. Indeed, multiplying
equalities (2.19) by o and summing up the obtained equalities we get
(2.26), as desired.

(i1) Sufficiency. Since D" is defined by (2.16) and since D is a pointed

cone we can see that Zoc7dj e DY for all a= (o, 0?,...,0") €RY
. = . . .
with o/ >0, j€ L Novéesetting B = Zoc’ and (= ﬁ’Ifo’dj € D"
we derive from (2.26) that “ e
mlgf(x) :f(xo) =0, (2.27)
xXe
where

Slx) = C(Ax) = flxo)) + Mmaxd; (fix) — flxo), ¥ € Q.
Observing that d; € D™ NS, j € I, and taking account of (2.5) we see that

fIM, %) > flx), x€0,

and f(M,, xo) :f(xo) = 0. From this and (2.27) we claim that (2.4) holds.
To complete our proof it remains to apply Theorem 2.1 O

COROLLARY 2.7. If xo € Q is a Hartley properly efficient point of (P) and
M € H(xo) then for all « = (o', 02, ... 0™) € RY

{323 F(x) = F(xo) = 0, (2.28)



286 G. M. LEE ET AL.

where
F(x) = F(M,a,x) = > dd(f(x) — f(x0))
icl
+ M(Z Ofi) max (d (f(x) — f(x0)), d5(f(x)
icl

—f(x0)), -, &y, (f(x) — f(x0)), 0). (2.29)
Conversely, if xo € Q satisfies condition (2.28) with F being defined by (2.29)
for some M >0 and o = (', 0%,... o") € R’ with ol >0, i €1, then xq is a

Hartley properly efficient point of (P).

_ Proof. Use Theorem 2.5 and observe from Lemma 2.2 that x)=0 <
F(x)=0, x € Q. ]

REMARK 24. In [14] Huang and Yang consider Problem (P) where
m = s and d; is the ith unit vector of R”, i=1,2,...,m. In other words,
they assume that D = R? and consider the Geoffrion proper efficiency of
x9. For o'>0,i=1,2,...,m, they introduce the following function
depending on a parameter r € R:
plx) = alf!(x)

icl

+rmax(f! (x) = f1(x0), /2 (x) = f2(x0), -, /" (x) =" (x0),0)
and prove in [14, Theorem 3.1] that a R’ -efficient point xo is a Geoffrion
properly efficient point of (P) if and only if there exists r > 0 such that x;
is a minimizer of p(-) on Q. By taking d;, i € I, to be the ith unit vector of
R™ we see that this result is a consequence of Corollary 2.7. From Corol-
lary 2.7 it follows that in the formulation of Theorem 3.1 of [14] the
assumption that xq is a R -efficient point is superfluous.

Now let us introduce the function

(x,x0) = min{z dd (f(x) — f(xo)) : o' =0, i €1, Zai = 1}.

icl icl

THEOREM 2.6.
1. A point xy € Q is a Hartley properly efficient point of (P) if and only
if there exist M >0 and o= (a!,0?,...,0™) € R" with o' >0, i €1,
such that the function (2.25) satisfies condition (2.26).
2. A point xy € Q is a Hartley properly efficient point of (P) if and only
if there exists M > 0 such that
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rréigl?(x) = TF(xo) = 0, (2.30)
where T is defined by
F(x) = F(M, x) = (x,x0) + Mnjjglxd;(f(x) — f(x0)). (2.31)

3. A point xo € Q is a Hartley properly efficient point of (P) if and only if
there exists M > 0 such that (2.30) is satisfied where, instead of (2.31), F
is defined by

F(x) = F(M, x) = 1 (x,x0) + Mmax(d (f{x) —f(x0)),-.... &5, (f1x) —/(x0)),0).

Proof. The first part of Theorem 2.6 is a consequence of Theorem 2.5.
The second and third parts can be established by the same argument used
in the proof of Theorem 2.2. O]

COROLLARY 2.8. Let xg be a D-efficient point of (P) and f be not constant
on Q. Then Q'(xo) # 0, and x¢ is a Hartley properly efficient point of (P) if
and only if

sup —1'(x,x0)
xeQ(xo) MaX di(f(x) — fx0))

The proof is similar to that of Corollary 2.1 and is omitted.

< 4o00.

3. Necessary Conditions for Hartley Proper Efficiency in Nonsmooth Vector
Optimization Problems

We first recall that the ordering cone D for (P) is the polyhedral cone
defined in (2.15). Now we introduce some notions of Nonsmooth Analysis
[7]. Let ¥ : R" — R be a locally Lipschitz function. The Clarke subdifferen-
tial of ¥ at xg € R” is the set

0P (xp) = {€ € R" : xS0 (xp; x), Vx € R"},
where

WO (xp: x) = lim Sup% WY + 1) — B,

X —Xx()

110

The Clarke tangent cone and the Clarke normal cone of a subset C C R”
at xo € C are denoted by T¢(xo) and N¢(xp), respectively. Recall that

Tc(xo) = {n € R" : pg(xo;1) = 0},
Nc(X()) = {é cR": ETV]<0, iy € Tc(xO)},
where po(x) = p(x, C) i.e., po(x) is the distance from x € R" to C.



288 G. M. LEE ET AL.

From now on we assume that
Q={xeC:g/(x)<0,j=12,....p, (x)=0,1=1,2,...,4}

where C C R” is a closed subset, and g/ and h' are given functions. We
also assume that all functions f7, g/ and h’ are locally Lipschitz. Let xy € O
and let

J(x0) = {j : g’ (x0) = 0}.
We say that condition (CQ) holds at xj if there do not exist ¢/ >0, j € J(xg),

andr’ € R, [=1,2,...,q,such that ,u’+2|r’|;£0and
]GJ(Y()) I=

0e Z 1Wog’ (xo) + Zrlﬁhl X0) + Nc(xo),
Jj€I(xo) =1

where dg/(xo) and Oh/(xo) are the Clarke subdifferentials of g/ and A’ at xo,
and N¢(xp) stands for the Clarke normal cone to C at xo. We will denote
by 0(d;*f)(xo) the Clarke subdifferential of d°f(-) at xy.

As an application of Theorem 2.5 of the previous section we obtain the
following result.

THEOREM 3.1. Let xo € Q and let condition (CQ) hold. If xo € Q is a
Hartley properly efficient point of (P) then there exist /' >0, i=1,...,m,
W=0,jeJ(xo), " €R,I=1,2,...,q, such that

0e ZA@ d’f)(xo) Z 1/'0g’(xo +Zr16hl x0) + Ne(xo). (3.1)

]EJ(‘CO) =

Proof. Setting o = 1, i € I, and applying Theorem 2.5 we see that xg is
a solution of the problem of minimizing the function f{x) subject to x € Q
where

de X)) +mMmax df(f(x) = f(x0))

and M is a Hartley constant of (P) at xy. By a result of Clarke [7, Theorem
6.1.1], we must find ﬁ>0 W=0,jeJ(xp), " €R,1=1,2,...,q, such that

B+ > W +Z|r|#0

]EJ Y())
and

0€ poflxo) + > wog!(xo +Zr16h (x0) + Ne(xp). (3.2)

]6] ‘Co) =1
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By condition (CQ) f # 0 and hence, we can set § = 1. Now, making use of
[7, Proposition 2.3.12] and [7, Proposition 2.3.3] we have

ofix0) € 0 () + mM co (U a(cz;.f)(xo)). (33)

i=1 Jjel

From (3.3) it follows that

fixo) € D1+ ImM)DdEN) ()

i=1

for some §'>0, i =1,2,...,m, with -, ' = 1. Combining this with (3.2)
and recalling that f =1 we obtain (3.1) where ' =1+ 6mM >0, i =1,
2,...,m. O

To give conditions under which necessary conditions given in Theorem
3.1 become sufficient ones for Hartley proper efficiency, we need some new
generalized convexity notions. Section 4 is devoted to introducing and
characterizing these notions.

4. Near Invexity and Near Infineness

Let ¢ : R" — R™ be a locally Lipschitz vector-valued map with compo-
nents ¢, i€ I = {1,2,... ,m}:

o(x) = (0" (x), 9*(x),..., 9" (x))", x€R"
Let C be a subset of R” and let xo € C.

The following generalized convexity notion is taken from [19].
DEFINITION 4.1. A vector-valued map ¢ is called invex on C at xo € C if
Vx € C, V& €09'(xy), i €1, 3nec Te(xg), such that
¢'(x) = ¢'(x0) =&, i€l

When m =1, ¢ is of class C', and C = R" this definition reduces to a
generalized convexity notion first given by Hanson [12]. The reader is
referred to [19] for characterizations of invexity in the sense of Definition
4.1 and for applications of this property to nonsmooth alternative theo-
rems and optimization theory.

DEFINITION 4.2. A vector-valued map ¢ is called nearly invex on C at
xg € Cif
Vx € C, V& €09'(xy), icl, I € Te(xo), k=1,2,..., such that

(p[(x) — (p[(xo) > limsup &y, i€l (4.1)
k
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Obviously, invexity => near invexity. An example will be given later to
prove that the converse implication is no longer true. In other words, the
class of nearly invex maps is strictly broader than that of invex maps intro-
duced in [19].

Before giving characterizations of nearly invex maps let us introduce
some notation. If & € R") i € I, then we denote by & the n x m — matrix
with columns ¢; and we write & = (&, &,,...,¢&,). Thus, if x € R” then &'x
is an element of R”™ with components &x. For 4 CR" we write

EFA={&a:ac A}.

THEOREM 4.1. The following statements are equivalent:
(a) @ is nearly invex on C at xy € C.
(b) Vx € C, V& € 0¢'(xg), i €1,
@(x) — @(xo0) € ETc(x) +RY. (4.2)

(C) Vx € C: véz S 6(/)[()60), i€ 17 \V/é_ € NC(XO)7
dn, e R", k=1,2,..., such that

@'(x) — @'(x0) = limsup &y, i€ 1, (4.3)
0> limfsup E Ny (4.4)

(d) Vx € C, V& € 0¢i(xp), i €1, VEE Ne(xp)
<¢(X) —090()60)> e TR + R xR, (4.5)

where the left side of (4.5) is the vector of R™ with components
(pl('x) - q)l(xo)7 NS I, and 0 € R, and é = (617 627 SRR émv é)

Proof. (a) = (c) Let i, € Te(xp) be the sequence mentioned in Defini-
tion 4.2. Since &', <0 for all & € N¢(xo) and 1, € Te(xp) the validity of
inequality (4.4) is obvious.

(c) = (b) Assume to the contrary that (4.2) does not hold for some
x € C and & € 09'(xg), i € I. Then, using a separation theorem and
noting that the right side of (4.2) is a closed convex cone we can find
a vector A= (', 2%,...,2™)" € R” such that

m m

Zii((pi(x) —¢'(x0)) > 0> Z WEx + Z Myt (4.6)
i1 i=1 =1

for all x € Tc(xo) and (y',)?,...,»™)" € R”. From this we can derive by a
standard argument that A'<0, i € I, and

m

Ziiéfxéo, x € Te(xo).
=1
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Since the normal cone is the nonpositive polar cone of the tangent cone we
obtain from the last condition that & € N¢(x() where

= izf@-. (4.7)
i=1

By condition (c) there exists a sequence 1, € R” such that (4.3) and (4.4)
hold. Multiplying both sides of (4.3) by A' and summing up the obtained
inequalities we get

ZJ (x0)) < — th sup(—4")Emy

= liminf ) ~2'¢]
im in ; Eing
< limsup &y
k
<0.

(In the above argument we use (4.7) and (4.4)). This contradicts the first
inequality in (4.6).

(b) = (a) Given x € C and & € 09'(xy), i € I, we can find by (4.2)
sequences 1, € Tc(xo) and yr = (v}, y7, ..., »¢)" € RT such that, for all
i€l

@i(x) — @i(x0) = klinolo('ff’?k + 1)
> lim sup &
k

Thus, (a) holds.

(¢c) = (d) Let x € C, & € 0¢'(x0), i € I, and & € N¢(xp). Assume to the
contrary that (4.5) does not hold. Then, using a separation theorem
and noting that the right side of (4.5) is a closed convex cone we can
find 2= (21, 2%,...,2™)" € R” and p € R such that

Z/I’ @'(x0)) + - 0>0>ZJ€T+/¢£ x+ZAy—|—m

(4.8)

for all x e R", (y',)%,...,»")" € R and r € R,. From this we can derive
that '<0, i€ I, u<0 and

> g+ pE =0, (4.9)
i=1
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Now, in view of condition (c) there exists a sequence 1, € R", k =1,2,...,
such that (4.3) and (4.4) hold. Multiplying both sides of (4.3) by A'
and both sides of (4.4) by u and summing up the obtained inequalities
we get

X(9'(x) = ¢'(x0)) < — (Z limksup(—ii)éﬁnk + limlsup(—u)?nk>
i=1 <

i=1

< — limsup (Z(—f)ffﬂk — Hfr’?k>

k i—1

= limkinf< NE + ,1157) Nk
i=1
=0 (by (4.9)).

This contradicts the first inequality in (4.8).

(d) = (c) Given x € C, & € 0¢'(xp), i € I and & € N¢(xp), we can find
by (4.5) sequences 1, € R", yr = (v}, 31, ..., 08" €RT and rr € Ry such
that for all i € I,

¢'(x) = @'(x0) = lim (& +4), 0= lim (Ene+ 7).
From these equalities we derive (4.3) and (4.4) since yi >0 and 1, >0. [

REMARK 4.1. The characterizations (c¢) and (d) in Theorem 4.1 show that
near invexity can be expressed in terms of the normal cone N¢(xp). It is
worth noticing that in (c) the points 7, are not required to be elements of
Tc(xo).

COROLLARY 4.1. Definitions 4.1 and 4.2 are equivalent if at least one of
the following conditions is satisfied.
(i) For all & € 3¢'(x0), i € I, the set ETc(xp) + R is closed.
(i) xo € intC.
(iii)) m =1 i.e., @ is a real-valued function.

Proof. From Definition 4.1 it is clear that ¢ is invex on C at xy € C if
and only if

Vx € C, V& €09'(xo), i€l o(x)— @(xo) € ETc(xo) + R7.

Thus in case (i) the conclusion of Corollary 4.1 is derived from the charac-
terization (b) of Theorem 4.1. To conclude the proof of Corollary 4.1 it
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suffices to show that each of conditions (ii) and (iii) implies (i). Indeed, in
case (i) Tc(xo) = R". Therefore, &' Tc(xo)(= &E'R") is a subspace of R” and
hence, & Tc(xg) + R is closed, as required. To see that (iii) = (i) it is
enough to remark that each cone in R containing 0 € R must be closed,
and that &"T¢(xo) + R, is such a cone. ]

REMARK 4.2. From Corollary 4.1 it is clear that the class of nearly invex
maps at xo € C is strictly broader than that of invex maps only if m>2
and x¢ € int C. The following example 4.1 proves that there do exist nearly
invex maps which are not invex. This example is constructed on the basis
of Example 2.2.8 of [8] which is used in [8] to prove that the image of a
closed convex cone via a linear continuous map may not be closed.

EXAMPLE 41. Let C={x=(op,9) eR®:a>0,$>02ap>4*} and
(p(X) = (p(OC, ﬁa’))) = (q)l(oc,ﬁ,y), (pz(oc, ﬁa’))))r = (_(xz + ﬁ; ,)))T Let xo = (OCOa
ﬂOaVO)T = (0’070)1' ObViOUSly, TC(XO) =C and aq)[(x()) = {ii}a = 172a
where & = (0,1,0)%, & = (0,0,1)". Setting & = (&, &) we see that

ETc(xo) = {(B,7) €eR* : >0} U{(0,0)}
and for all x € C,

@(x) — @(x0) € ETc(x0) = ETc(x0) + R

Thus ¢ is nearly invex on C at xy € C (see Theorem 4.1). But ¢ is not in-
vex on C at x since

o(x) — ¢(x0) & ETc(xo) + R,

where x = (1,0,0)".

It is remarked in [12] that invexity notions are useful for studying suffi-
cient conditions in optimization problems with inequality constraints since
the Lagrange multipliers associated to inequality constraints are nonnega-
tive. Unfortunately, the Lagrange multipliers associated to equality con-
straints may be negative and hence, invexity notions are not suitable for
such constraints. In [19] a modified version of invexity is introduced and is
proved to be useful for equality constraints. This is the notion of infineness
which is recalled in the following definition.

DEFINITION 4.3. [19]. A vector-valued map ¢ is called infine on C at xg
if
Vx € C, V& €3¢'(xp), i €1, € Tc(xo) such that

@'(x) — ¢'(x0) =&, i€l
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We now generalize this notion. The new generalized version is called
near infineness.

DEFINITION 44. A vector-valued map ¢ is called nearly infine on C at
xo € Cif

Vx € C, V& €d9'(xg), icl, In € Te(xo), k=1,2,...,
such that

¢'(x) = ¢'(x0) = lim &y, i€l (4.10)

Obviously, infineness = near infineness. Example 4.1 proves that the
converse implication is no longer true. Thus, the class of nearly infine maps
is strictly broader than that of infine maps.

By arguments similar to those used in the proof of Theorem 4.1 we can
obtain the following theorem which gives characterizations of nearly infine
maps.

THEOREM 4.2. The following statements are equivalent:
(a) @ is nearly infine on C at xy € C.
(b) Vx € C, V& € 0¢'(x), i€,
@(x) = @(x0) € & Tc(x0).

(c) Vx € C, V& €09i(xg), i€, YEE€ Ne(xy), I eR, k=1,2,...
such that

¢'(x) = ¢'(x0) = lim &y, i€ 1,
0> limsup En.
k
(d) Vx € C, V& €3¢'(xg), i €1, V&€ Ne(x),

<(p(X) _()(p(x0)> c ETRn + {0} « R+'

Observe that in the right side of the last inclusion 0 denotes the origin of
R™ while in the left side 0 stands for the origin of R.

COROLLARY 4.2. Definitions 4.3 and 4.4 are equivalent if at least one of
the following conditions is satisfied.

() For all & € d¢'(x0), i € I, the set ETc(xy) is closed.
(i) xo € intC.
(iii)) m =1 i.e., @ is a real-valued function.
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The relationships between near invexity and near infineness are given
in the following theorem.

THEOREM 4.3. (i) If ¢ is nearly infine on C at xo € C then ¢ is nearly in-
vex on C at xy.

(i1) If the vector-valued map ( go(p) is nearly invex on C at xo € C then ¢

is nearly infine on C at xy.

Proof. The first part of Theorem 4.3 is obvious. To prove the second
one let us take x € C and & € 0¢'(xy), i € I. Since —&; € O(—¢')(xg), i € 1,
and since C X> is nearly invex we must find #, € R", k=1,2..., such

that, for all i € I,

@'(x) — ¢'(x0) = limksurJ EMy

(=0)(x) = (=) (x0) = lim sup — ik
From these inequalities it follows that
lim sup & <g'(x) = ¢'(x0) < lim inf &y
k

This proves (4.10), as required. O

REMARK 4.3. If ¢ is nearly infine on C at x then < ¢ > may not be

nearly invex on C at xy. In other words, the converse of statement (ii) in
Theorem 4.3 is no longer true. The following example taken from [19] illus-
trates this fact: C=R, xo =0 € R and

1 if x>0
V) = 42X if x>0,
¢(x) {x if x<0O.

We conclude this section by introducing a notion which is a combination
of near invexity and near infineness.
Let f and /& be locally Lipschitz vector-valued with components f,

h
fine on C at xy if fis nearly invex on C at xy and / is nearly infine on C at

i=1,2,...,m and i, =1,2,...,q. We say that <f> is nearly invex-in-
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Xo, with the same sequence 7, mentioned in each of these definitions. More
exactly, <£) is nearly invex-infine on C at x if
Vxe C, V&edf(xo), i=1,2,...,m, V& e (x), [=1,2,...,q,
In, € Te(xo), k=1,2,..., such that
fi(‘x) _fi(x())?hmsul)é;nh = 172,...,7’”,
k

W (x) = B (xo) = Jim &y, [=1,2,...,q.

5. Sufficient Conditions for Hartley Proper Efficiency in Nonsmooth Vector
Optimization Problems

The following theorem shows that under the near invex-infineness property
the converse statement of the conclusion of Theorem 3.1 is true.

THEOREM 5.1. Let xo € Q and let J(xo) = {j : g/(x0) = 0}. Let F be the

vector-valued map with components d*f, i € I, and g’, j € J(xo). Let (Z)

be nearly invex-infine on C at xo. If there exist A' >0, i=1,2,...,m, @>0,
jEJ(x0), and ' € R, [ =1,2,...,q, such that (3.1) holds then x, is a Hart-
ley properly efficient point of (P).
Proof. From (3.1) it follows that there exist &; € 3(dif)(xo), i=1,2,...,m,
fj € 0g/(xq).j € J(x0), & € Ohl(xg), 1 =1,2,...,q,and & € N¢(xo) such that
m _ q ~
—E=) " NE+ Y WE+> G (5.1)
i=1 _jEJ(,’(()) =1

Let x € Q be an arbitrary point. By the near invex-infineness property
there exist 1, € Tc(xg), k =1,2,..., such that

AdT(f(x) — flxo)) = limsup A'¢fe,  i=1,2,...,m,
k

W (g'(x) — g'(x0)

r'(g'(x) — &'(xo)

Summing up all these inequalities and equalities, and noting that g/(x) <0,
g/(x0) =0, h'(x) = h(x0) = 0 we obtain

)>limsupuj§~jrf7k7 J € J(xo0),
)

= lim F'ém,, 1=1,2,...,q.
k—o0

T
m

m _ q _
Z/lidf(f(x) — f(xo)) = lim sup Z;Liéi+ Z ,Ltffj+zi’1§/ s

i=1 k i=1 i€ (x0) =1
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From this and (5.1) we get
W(x) = DA () —flx0) > imsup —E'
i~

But the right side of this inequality is nonnegative since & € N¢(xp) and
N € Te(xp). Since x is an arbitrary point of Q this shows that W attains
its minimum at xo. Applying Corollary 2.3 and observing that > 7", Ad; e
D' we claim that x is a Hartley properly efficient point of (P). O
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